Abstract. We construct a simple example of a complex algebraic map, which (even locally) has an uncountable number of local topological types at points of the source space.
1
On each fibre f −1 (y), we define an invariant relation R(y) (a subset of f −1 (y) × f −1 (y)). Let U = {x ∈ X : dim x f −1 (f(x)) = dim x X − dim f (x) Y }.
where the closure is taken in the fibred product X × Y X induced by the map f .
Definition 2.
Let A and B be topological spaces, a ∈ A, b ∈ B. Let ρ and δ be relations on A and B, respectively. We say that (ρ, a) and (δ, b) are topologically equivalent if there exists a homeomorphism of germs g : Example. Let X be the hypersurface x 1 x 2 = 0 in C 4 with variables (x 1 , x 2 , z, t). Let Y = C 3 , and define the map f : X → Y by
Claim. In any neighbourhood of any point (0, 0, 0, t) ∈ X, with |t| = 1, the map f has infinitely many different local topological types. More precisely, suppose that
and t 2 = e 2πα2i . Then f has different local topological types at (0, 0, 0, t 1 ) and at (0, 0, 0, t 2 ).
Proof of the claim. For t ∈ C, write a t = (0, 0, 0, t). We first determine the invariant relation R(f (a t )). Notice that f −1 (f (a t )) ∼ = C, with coordinate z. Let (z, z ) be corresponding coordinates in f
Then, the relation R(f (a t )) is the hypersurface H t (z, z ) = 0, with
To establish this, remark that the set U from Definition 1 is in this case the complement of {x 1 = x 2 = 0} ∪ {t = x 1 = 0}. Then, one can use computer algebra to calculate the appropriate closure or do it directly (look at limits of pairs of points of U with the same values of f ). We leave these simple details to the reader.
By Proposition 1 it is enough to show that (R(f (a t1 )), 0) and (R(f (a t2 )), 0) are not topologically equivalent. Assume the contrary. This means that there exists a homeomorphism of germs g : C 0 → C 0 , such that the product homeomorphism g × g : C 2 0 → C 2 0 maps the germ of the hypersurface H t1 (z, z ) = 0 to the germ of H t2 (z, z ) = 0. Of course, the diagonal is mapped to the diagonal and every other irreducible component into an irreducible component (since after removing the origin they become connected components). Suppose that the component z = t 1 z is mapped to z = t 2 z (the other case being similar). This means that g satisfies the following identity on C 0 :
Replace g by a representative and let S be a small circle centered at 0. Now S is closed under multiplication by t 1 and, therefore, g(S) is closed under multiplication by t 2 . Since α 2 is irrational, g(S) is also a circle. Thus, the above identity holds after restricting g and g −1 to circles. This implies that rotations of the circle by 2πα 1 and by 2πα 2 have the same rotation number (see e.g. [1] , [3] , [5] ) and contradicts the assumption that α 1 = α 2 .
